
4 Mayer-Victoris theorem
Bef:a sequence of chain complexes
CE,c c"is said to be

EXACTif Imf-Kerg i.e

Imfa-Kergy Fqt2.
PROPOSITION:(Long exact sequencel
Let

o
-CIcc"-0 ashort

exactsequence of chain complexes.
Then there existhomomorphisms

29: Hq(C") -Hq -(C) s.t.

.. f) Hq(C)19! Hq(C)-Hq_(C)- --
is a long exactsequence.



PROOF:let's consider the following commutative diagram

A fat 9941 1

0-Cq+ 1c
-1 (q+ 1 -1 Cq+1 -0
dith ↓0+1

.
tàCa?--
·ch

,
fa at san, tO"d

o -(q -14(q - ,)(q! -e

det fa-zdi 99-2
↓
0 -1
Il

c -CCq-i-(q- 2
-0

We want to define a homor.

29:Hq(C") -Hq- 1(C)
N

[2] where zelq" C
r

9, surjective
-

9 ->

fa incentive Fq --



LET US DEFINE 29
A fatt 99t Il

0-Cq+1x,[q+1 -1)(q+1 ->C
&9+1 1

↓cq fat 11
1Eq9·ott, ,Ca Cq ->O

datizcijfarı dat don
99-1

I

o -(q-,,,,-(q! -e
Il

dat &9-y ↓09-
fa-z 99-2

c +C
I =Cq-(ä!2-0
9-2

&9q surjective Icq-Cg:gq(9)
=Za"

&g(q(q)) =0q(za) =0
ekerdg

=>0q(a) e ker gq-1 = (m(fq- 1)



I cq- 1 Cq - 1 s.t.

fq,(( - 1) =0q(q)
Moreovere,

④ fa-z)0g(a -1)) =dq- 1(dq(()) =0

singleiza,
and we com consider [Ca-1] im

Hq-1(C').
Putdq([29]) =[Ca-1]



·- CalCatICat-
↓ ↓ ↓

-Ca (q269--
↓

,
fa ↓ ga-

o -(q -14(q - ,)(q! -e

↓ fa-d 99-2
↓

I =Cq-(ä!2-0a +Cq-2
LEFTTO CHECK:

①da well defined
& 2a homomorphism
& HqC.) is an exactsequence



①da well defined
First, letus show thatthe definition
does notdepend on the choice of

Cg, pre-image of Eq"via99.
Letcy be another pre-image of Zq"
via gg. Then g(g-cq) = e

9
=>g-Cq -kergq=/m 79
=>I go C, s.t.

Iq =cq +fq(xq) =)
0,(q) - 0q(q) =0q(fq(i))

I Ag.,_al)
COMMUT.

DIAOBAM.

=>therefore the elementin Cal
defined starting from Is duffers
From thatdefined from ca by



a boumdary 0'Eg) andl,
therefore, such elements represent
the same class in Hq(C).

⑰
-

Cq
I 19·sega--

③Ic ↓ ↓
f9-1 99-1

I

2 -1 (a -14(q - ,)(q! -e
X

d'Cig) 8q(g)-q(ca)
Let us show that the definition

does notdepend on the choice

of the representative of the class
[z4]. Let Eg"s.t. [E]

=(Eg"]
We have by definition that

Es" - zq" =04+ 1 (+1); since gatt
is subjective 5 C9+1 (q+1S-t.
99+1((q +1) =C"q+1



So Eq" - z" =da+ 1(9a+1((a + 1)

I
9g(0q(9+1))

Now, since (q(09+1((+)) =0
it follows that the definition of 29
does notdepend on the chosen
representative. Caticit

A fatt 99t Il

0-(q+1x,(q+ 1 -1) cq+,20
St

.
y'Ca? Ca Et

I

&

· ↓0+1 il

·ch f9-1
09↓ ga-,

dO"

o -(q -14(q - ,)(q! -e

det fa-zdi 99-2
↓
0 -1
Il

c -CCq-i-(q- 2
-0



& 2a homomorphism Fq
Recall that fg, gg are homororphisms.
Let Czg], [E] two classes in

Hq(2). Consider 2q.(24)) ={a-1]
2q([29]) =[Cq-)

Now we want to show that

2q(z9" +Eg"]) =Sca - 1
+Iq-]

①via Gq(surjective hemomorphism(
choose cp +g as preimage of
z" +E

& Now, consider 0q((q+Ig)=
dq(q)+0q(Cq) and take the
unique preimage (fq-, injective)
rea fa,which mustbe
cq -1 +cq - 1 =)



ag(SE9" +79](ESaqE
& HqC.) is an exactsequence

...Aq(C),Hq(C")-Hq-(C) ---
we show together the exactness

im, Hq(C!").
Im Hq(g) & Ker 29":
Cqq-cycle Hq(g)/[cq]) =(za]
I c"+1 s.t. 9q(2q) =z" +da(cat)

by definition of 9q, ore
cam

take Cy as presege ofEg"Magy
and&q (69) =0 because ( q-cycle
) the preimage ra fgl give us
what wewellt!



i fatt
onCq+1c,Cq+ 1 (a+1 +0

dith ↓0+1

.
tàCa?--
·ch fa, 9t Sami tO"d
·Ca!,Cq-,)Ca! -e
det fa-zdi 99-2

↓
0 -1
Il

c -CCq-i-(q- 2
-0

Ker2q=(mHq(g):
.Aq(C),Hq(")-Hq-(C) --
SE,"] e Hq(C") s.t. fq/Cz9]) =[0]
Eg"9-cyclem) Cqva gq -caraffee=> 2q)2z,2) =[0q(cq)]

take (q - Fq(cq) as concudate as preimage
of za"via 99



&q(q) - dqfqGq)
=dq(Cq) - fq

-
,)0(ca))

I
-0q(x) - fq - (Cq-1) =0

connuativebiAorAM
=>Cq-fqCcg) is a

9-cycle and therefore

[Cq- fq(cq)] -Hq(C)
In conclusion Amfa-Kergg
Hq(g)(((a- fq(cq1]) =(g(cq)]

I (2
EXERCISE:show the exactness

im Hq(C) and im Hq(C)



Def:2 ={Cq,09Y Cl =3G, dgY
-

two chalm complexes
direct sur of C and C

CC ={cqC,dqd9Y
dqd9':CyCy' -Gq-lat

(a,c)1- (0q(x),dg(a))

topological space, Xn, X2 CX

subspace ofI X1 in

- -X
XeX2 at

xTe
induces

sizn SACX1(i-
SYX-Xal & A(x)

S(]c scich
-I SAXz



One can consider the following exact
short sequences

49
o--Sy(x,nX)-- Sq(x)-Sy(X2)(sq(X), SyCX2)) -e
-

A-module
99:(Sq(3), - Sy(32)) subserp of Sq(X)

generated by

49:Sq(in)+ Sq(in) SqIXI) andSq(Xz)

9493 =4 9493=4 chain complexes
GameMorphesis

·-Scxnx),S(x)S(x)X2Y -> C

- act
hort verce (Sy(x), 59/X2,89]
S
se4

=> 7 Cong exactsequence
PROPOSITION:(Long exact sequencel in hology
whataboutS(X,X2Y?



clayer - Victoris theorem

IFx =xUx nemmen
the following is a long exact sequence

..-HalXinXz) Is Hq(x)*Hq(Xz)* Hq(X)& Ha-/XX)-...

where kg = (Hq(z.), - Hq(32))

↑a =Hq(in) +Hq(iz)
&9 aS Ie PROPOSITION: (Long exact sequencel

- pplications:.X =S1 A=x

Hils';2) XR
Xzw XXzNptrat

0
-H1(S;2)(He(p+)e Ho(pt)
&a
->Ho(R)e He(R)Ho(51)- o
un e

R R



-
·

·

.. ·
&a

He(pt)&Ho(pt) -> Ho(R)e He(R)
(n,e)i- (1, - 1)
(0,1)(-)(1, - 1)

&Holsr) =He(IR)tHo(R) =HelleHo(R)
- -
vor 40 Im do

& He(s) =Im2 =ker do
-
injectre

Imb.*=Kerbo*
=>Ho(sv)=204/2=2

H1 (51) =2



FIx
8 x =Y, yY X,y topological spaces
XVy =x2*t A =x

Hi(XXy;2)

UxUyNpt
Uxn X

Uy~Y
---- Hq(pt) -Hq(x)Hq(y)-> Hq(XyY)-Hq_,(4t)....

9>1

..--H1(pt)(x)(y)HXyy)e (91)-...

&a
-> Holx)&HolY) YiHo(XYY)+&

Ho(Xyy) =Ho(x)&HoCY)=HexlHolY)
-> -

Imb.* ver Ne Im %a

=>Kerbo*=Gr =& (exactness)
=>Pisomorphism



Hq(XXy) =Hq(XeHq(Y) 9
o

E HolX)&HolY) 9
=0

-
&

EXERCISE:

aX =gr m-sphere
A =2

prove that
Hq(S) =E

29-e,

cast:Sptrpt
cast 1:seew!

& otherwise

& X:4torus
Prove that Hq(M) =

2 9
=

0,2

(402a =2
& otherwise

8 x =4g =44 tous of genus g
9 =0,2prove that Hq(X)=G 9

=1

otherwise



&xe tendee
=_

XaXzN S'WS1

Hals& Hq(s) ->Hq(Xn) -Hq(Xz) -Hq(X)--Hq-1(S'NSY

2q =0,1
Hq(S) = E a otherwise

9>1
=Hq(X) =e

9
=1

c -Ha(x)Hn(s)eHe(s)s
2-

H(x)0H(X2)H(x)1
Ho(s)- He(Se) 1gHo(X-) eHo(Xz)
&Ho(X)

-0



· Ho(x)==kerdo =2
· Im Li =kerdie fri =2,1 sauence
· (md =2 =kerk-
sedefinition In Tue HelseHuls)=Re

· Ga is injective:(m62*()- Kord,
2

· (md =x=kerM=
=>Im 4=

· HX)*edne(mGr =eR
ne

Im41 ver ba
u e

2 R



i)
generators of respectively

....

~E Hn(x) emel H/X2)
me

) when we glue this
becomes the same class

XinXz S-51
in homology

I (I =(0) im
Ho(X)

i)

But
the sum

gives a
class

im H(X)


