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k =4,R A =D

↑2(k) =UK2 kn**
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Letus compute the hemology of Y:
y =KU¢2 s.t. XIXc*
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i -H2(y)Ext(44)-H4)
->(y)-H.((*) -HoleeHoli
-DHo(3).-oFA
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Hi(Y) =4 0 otherwise



Hooology of Z:PY4)
Xi =Y Xc =44

x,eX2 =(**)
2 A

0 -Ha(z)-Hy(2x)) -0
c -Hz(z) -0

A
c -Ha(y)*29
Ha(z)- ,H1).

0
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01z)=Ho((**)2)A

->Hoy)H4-He



=>

Hi(44()) = E
A i =0mod
&- i = 4

& otherwise

-: P4K) = S2

P1(K) =(UK s.t.
Yo& NeF0

&14 =4* Hg(44):GA
o -Hz(M'(x))=, Hn((*) -e
1 -H1((),H((*)- H.(4) Ha(e)
-> Ho(P'()) -> &

erase:compute homology
&4) A =2 and

A =22

... Hq(XinXz)19, Hq(x,)e Hq(Xz)[9,Hq(X)1, Hq-,/Xin)



Exercise i
->

MX =S/atte39
U

P &P a. ~X Cop
<
a

· ~Xz (disk)
XX251 =j

⑰ 2404(a)
[U)-1 (0,f2a))

In is injective

=1 Ha (IRP;2) =0
I

H (RI",2) =xxaL/ver
↓222



Now A =212 X =1RP2

In is trivial=> H2 (RIP2; X/22)=2,2
H (1412;4/24) = 4/22

I im41

=> 2/22



Homology of a pair
Bc X (X,B) pair of top. space
sen. re((x) =(5q(x),09]onace

S(B) =(Sq(B),d9]
i:BC X induces q
Sq(il: SqlB7-1Sq(X)!

sq(i)(Enseg)-Eliots)
BCX

Fy Sy(x,B7
=

salX/sa(B)
relative q-chains ofX modulo B

ome can construct
-

09:Sq(X,B)-Sq-1(X,B)
s.t. {Sq(X,B), Y is a chalm



complex
-q([s]):=[0q(s)]

0 - - Sq(B)*, Sq(x) ,Sq(X,B)-e
109 hiq da

0 - - -1(B) (q-,(x)(),(q- 1(X,B) -c
well defined, in fact

ifS' =S + SB Sy=Sq(B)
=>dq(S) =Sq-1(SB)
=>(dq(S)] =[0q(S) +0q/SB)]

1509Cs]
S(X,B) =GSq(X,B),09]
RELATIVESINOULAR COMPLEX



OR SINGULAR COMPLEX OR THE

PAIR (X, B).

Hq(S(x,BL) =
=Hq(X,B)

Relative homology
or honology of the pair (XB).

Def:relative q-cycles of modB

2q(X,B) =[seSq(X);

dq S e Sq-1(B)]
relative o-bourdaries of XroB

Bq(X,B) =(s = sy(x):
S =-0q+,5) +Sisie Sq+1(x)

SB e Sq(B) I
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:2q(x) 2q(X,B)

· Bq(X) - Bq(X,B)
Exple:X= T B= 51

· T
B B

relative 1-cycle relative 1-boundary
(not a cycle) Chot a boumoary(

· Bq(X, B) - Zq(X,B) byder.
con consider=>

2q(x,,Bq(x,B)



Theoreus
-"Hq(x,B)=2q(x,B) Yq
-

Bq(x,B)
No:Hq(X,B) =re

Im att
·Mg:Sq(x) ->Sq(x)X::Sq(X,B)

UI Sq(B)
29(x,B), By(x,B)

·da:Sq(x,B) -Sq-1(x,B)
① Mq(2q(x,B)) =ver (59) sqiB)
& se2y(x,B), then q [S]=[04s

1 [0]
I if g[S] =0, then

0q(S) - Sq-i(B).

② Ver/4912,(x,B):2q(x,B) -Verlog?



=[Se2q(X,B):[S] =0, i-e.
Se Sq(B) I

=>ker =29(B)IST ISOMRPH.

THEREM

③ Mq(Bq(x,B)) =(m(89 + 1).
-

-17 seBq(x, B), then [S] e Ind9+/
Infacts =0q,) +SB;then

(sb =509+ 1s)] =at1(s).

I if (s] =09+1 [s] =>
[5] =[9+1 (s))], i.e.

5 - 09(s) eSq(B).

Ker(2a(Bax):B9(x,B) - ((m(89))



=[seBq(x,B)i(s] =0 y =Sq(B)
=>(m(9+ 1) =Bq(x,59(B)AST ISOM.

TH

i(ison)

we get a short exact sequence

of chain complexes.

0 -s(B)!!) f(x(4),S(x,B)+0

inducing a longguênce in horology
Hq(i) Hq(r) 29

... Hq(B)-Hq(X)-Hq(X, B)-Hq-11B)
LONG EXACT SEGUENCE OFTHEBIR

CX,B
Free A-module

ex:Ho(X,BL generated by the
connected components not intersecting B.



&:D disk get(m-1)-sphere =

Compute Hq(D2, SY) Eq

Hq(De,se-1) = (9e
Fr

PS:

92 Hq(De,se-17-(9
r

9
=

r

if
mx2 H1(D,5-1) =He(De,sa) =0

if
n
=1 H(D1,50) =2

Ho(D1,5% =0

Proposition (For those knowing deformationCFact (otherwise) retraction

Let BCX be a refract. They

Hq(x) =Hq(B)&Hq(X,B)



Application :4,me Rx, SCA
-

unitsphere

If1cm the Shis nota

retractof Se.
#:Ifit were the case

q=k

o
-Hx(52) =() Hulsis)
&

EXCISION

: f: (x,B) - (Y, c) is
a pair morphism if
fix-sy continous s.t. f(B)CC

Given er pair Morphism

f:(x,B)-(y,C)
cam consider



Sq(7): Sq(X) -> Sq(y)
Sq(f): Sq(B)+ Sq()

and, therefore

-9: Sq(X,B) -Sq(X,C)
(59)) turn out to be
chain complex marphisms,

Inducing Hq(f): Hq(x,B) -Hq(Y,)

PARTICOLAR CASE

IX, B) be a pair ofspaces
WCB

i =(xxw, B2w) <,(X,B)
Aq(i):Hq(X\w, B1w)-> Hq(X, B)
Hef:i:(xxw B(W) <,(X,B)
is am Excision if Hq(i) is
am Isomarphis.Fg.



Theore (EXCISIONI:

CX, B) o pair of spacesinteror /open
e

WCB s.t. W CA.* -them
I can be EXCIS ED

Application:
Let X be a top-onacest. every
point is a closedset.

V be a negh. o *eX
Then i:(V, V23xy)<(X, xx xxx)
is an excision qt.
ProofN: we wantto use the theoren
--

XIV =XxYcX12xy =(xixx3)
e e
W &

B

=>XIV cam be excised

from the pair (X, x3xy)
and Hq(V, V 13xy)

-Hq(X, xxxx3) Yq



& HqCV, Vvso) oeVcRY?

gr-DM

f ↳I
R190Y <>NM

i: (D,5) c, (TR, RYsoy)
induces

↓
~HasatHatplacetanteere

alt Isoporphisms because
San is a deformation retract of MM, soy
De 1 1 1 of Br.
=>Hq(DY,ge) -Hq(RYRYs)
FIVE

LEMMA e exact rews

cexercise) (+externat vertina (SEe



Hq(R2, R2 30g)=GE
ARY: SDIMENSION INVARIANCE)
Let UCR, VCM
sit. UEV

homeomorphic
them m=m.

Hof:G:U- homeororphism
X y =y(x)

ne
2=Hm (12,R,x])
=> Hm(U,U13xy]
~Hm(V, V (decxxy S
=>Am (e,y



Pancarequality
· let X be a compact tiad manfora

duXin. Let YCX a compact connected
orientable topological subvanety
of dim m, them
i: yX induces

is!Hm() ->Hm(X)
12

R
1 [4]

HOMOLOGY CLASS

REALISED BY Y

in X.



LetX be a compact manifola

of dimension m
① If X is orientable then there

exists a perfect pairing
Hr(Xix) x Hm-n(Xix) ->X. v
Imparticular Hr(X;x)=(Hm-n(X,2))

& If Xis not orientable them

there exists a perfectparring
Hx(X;4/22 xHm-n(Xix4 -> [/122. V
~particular Hn(X;D= (Hm-n(X,ex)

where (Hr(XiA))Hom (Hr(X;A), e)
pairing

Abilinear map MxN-> 2

C C(E) :M - > HomeN, 2)
perfect & Isemorphism, where MINIL A-Modules

CORLARY:(Ho(XiAl* Hm(XiA)



example: X =424) = MT(K) =Y

-Ha(41(4);2)-Ha(44);2)
I 11-> [NICK1]

Psicological remak generates
When we have computed Hq(44a)) and
Hq(4)(4)) we have seen Ha(12(a),2)

Ha(y) =Ha(42,0)( Rook back

12 at the pe
H1((*) -He (NCD)(

·algebraic curve of degreed in
424), them

[2] =2 [41CD)] im H2(12a),

ahe pace
e

aldeg
z

4
-PICK)

deg SipI degene
↑pa:Ha(z) -H2(N1(C))

↑p,(z]) =degz (P1(e)]
2
of


