
This is an aside chapter to introduct

you to SINGULAR HOMOLOOT
we will not need the all

extentof it, but singular home
logy is useful in math life!
therefore we present this tool
in details. The idea is to

associate to a topological space
some abeham) groupsE encoding
some features and proporties
ofsuch topological space.

Apossible reference (butitis plantly
of books aboutthis subject) is
Algebraic topology, Allen Hatcher



fingular tomology
9 Abehau groups andexact sequences

teF:(G,t) abehan group

Finitely generated If · we say that

(6, t) is free
I 99:) itI finite

I
if

s.t. FgeG I ric Eigi= e iff
s.t. g

=[migi mi
=

e fitt
itI

· B =[bilies is a basis of (G,t)
ifitis free and itis a setof
generators.
Properties:(6, + (B) Free abola

group with a finite
basis B

E GiB -> Gabehaugroup
S "



↓ .I! st.
Gr
El =e

↳F:geis a torsion
detente

TG) =alltorsion elementof G↑

torsion subgroup of G
proporties (exercisel

6,6' two abelan groups
1) y:G -6 then 4(101) (+161)
2) Glomorphism=>

+(6)=+(c)

FACT: G abelvam group Finitely generata
then MG) is finite and

6-xT(0)



Fix acommutative ring
with unitA

ReF:(6,t) abehau group
AxG
-G s.t. FggIEG

S

a,b =A

Aag+gI) =ag+ ag
②(a +b) .g =ag

+

bg
&(ab) ·

g
=a.(bg)

② 1.g =

g
We say 6 is an A-module.
· Let 6 be finitely generated.
We say thatGis a Free Amoure If G has

abasis (Gis isemorphic to *A)
e

·-module (E) abehau grop
we need a bit more generality because
we are interested mostly with
X-modules and 2/22-modules.



#Def:....-Gr-GrGr---
C

a sequence
of a A-modules and module

homomorphism ifmti_-kert:

· A short exactsequence is al

am exactsequence of the form

0-1,62,4-0
RK:I is injective (Kerf=o

g is surjective ((mg =k)
I

Lemma:Let 0-D+BIC-10 be

a shortexact sequence
of A-modules.

thew TFFAE (the following facts are equivalent)
&I hiB + D st. hof =ieD
&7kic -1B st. gok

=id

8 I Itomorphism 4:B
->De C

making the Following diagra commute



c-
DAB↓e c -0

i
where isis the inclusion

Pc is the projection
such exactsequence is called SPLIT.

Proof -D.A, B1,C- 0
%...se --
h k

8 =0,hi=Boy
ki=Goie

0 =18 -D1, B1,c +0

-ItiImf=kerg



Refine 9:B -DOC as

b1(h(b),g(b))cinjective:

QuerY:Kerh & Kerb =Verh1(m1
⑧Remark that B =(m(f)Ker(h)
in fact beB b

=b - f(h(b))
+ f(h(b))
ne

and 'b-fh(b) ekert elmf
(h(b) - idh(b)) =0D

a +e =) 4 Injective
e surjective: (dc) e D&C

gis subjective => Ib s.t.g(b)
=

c

a: h(b) =b?

byf(d) +bi



↓
C =g(f(d))) +g(b)

Imfükerg

h(f(d) +bi) =d=
5 =f(d) +b

4151=(6,3)
=>I is subjective

a =84:Dec -B

c-DE,-y(ac)
=f(+

⑭uffide



NINJECTIVE: f(a)) =- k(c)
(E)

g(f(d) =f(x))
Imfükerg - (d(7)c

=0

=>a
=0

4 suRjective:FeB
b =b - k(g(b)) +k(g(b))
ne u

ekerg GImk

- g(b) - idg(b)
=

e

verg =(m+=>5deD s.t.
f(d) =b - k(g(b))

4((a,g(b))) =b =74 surjective
ex. nom-sphtting exact sequence

2.1
a-- - --R22-a

2 * 44/22



So Chalm complexes

RF: a chain complex e is
a collection (((9,09)7qex where

Ca is an A-module
Boundary

09:Cq-, Cq- 1 operator

st. &q_0q =0 Fqtx.

· the subsloop 2Ag (C) =Kerd q =Cqd

is called gloup of q-cycles
A

· The subglorp Bq(C) = (m0q+1=Cq
is called of9-boumdaries

09-09+ 1
=0 =) B4() =24(c)

Fq



a Hq),A): =2() F9

9-th homology group of the complex(

Ref: (=(((q,dq))qexC =3(cq,dq)),
two chalm complexes
Amorphism f:C-C is a collection

[79Yat fq: Cq-1C'q commuting
with the boundary opera

ters

i.e.1-7g =

1,29 q
...Cq19(a-1!(a - 2 ....
c

tet I fan 01 fa-z
... CaCa--C-z--



*

:f: c-1C'sendls cycles te

cycles andboumdaries to

boumdaries,i.e.

fq(2q()) <2q(c)
fq(B()) -Bq(C)

5asa) crergaris
e

....

zzZq=kerdy

tet b -↓ fa- ↓ fa - z

.. caCarita-z...
fq(z) +0 7q-,(x) =0; (fq(y))
=>fq(z) = 2q/Ci) =kerdg ↑Indi

Ba",(c)



Therefore ome con define

Hg(1):Hq/CA--Hq/C,A)
Hq(f)([z)) =[fq(z)]

In factfq(z) -> [q(C) and
if (z]

=[E] =z =E +0q+1(0)
theydiffer by
a boundary

fq(z3 =fq(z) +fq)09+1())
I fq(z) +0a+1(fa+1(0))

=>(fq(z)] =[fq(z) +0]



Notation:if A=1, we drop
the heavynotation

Recall that ifA=1, you can
justconsider to work with

abehaus groups and group homonorphies

Many books present singular
homology setting A

=2:

Therefore
Hq(c) EHq/C;2)

We are mostly interested in
2 and 2/24 for the purposes
of this course.



So Jingular tomology
We want to assecuate to a topological

space a chair complex which

reflects its geometry and, thereafter,
we want to consider the

homology group assocuated to
such chain complex.
Rof: Letei=10...... eRYR

i- th place Fi = 0 - -
- q

e
=(0 - - - - 0)

Ag =[[xiei:ix,0 [xi =1Ii =0

standard q-simplex
soae) cana]

example: (0,1)
(e,,) (100)

3eR 199 R

S. 11 da 13



#:X topological space.
· singular q-simplex is
a continous map e: Ag-X

· support of e, denoted with let,
is o (D9) CX

#F: X topological space
Fq, Sq(X) =free A-module

generated

by the singular
9-simplexes o X

- 9 set(x) =38}
Such are called q-singular
chales of X



wewantconstruct
acnee

are

SIX). Therefore we need to define
boundary operators

A

&g:Sq(X) -> Sq-IX) Fq

6 => 1q - 19

oh te
X -X

9-0q =0

971

Let us first define F":1q -xdq+19+1

i =0,...,9 starting from the vertices



andextend it by enearity.

ex.

#193) =Ges" s
eg-er en e2

& C.21
F1 i

e,1-22 fo er
- 21

#1: Cot Co
22

1 Co er
1- 7

Co
en-ec

2

F: tolto -

1
&1-21

Ca es Coes

-(i)

:Da-X- & :xq-X



E, 1q=,X9-1

We
fi): =oFg

R:e') is the restriction

I eto the face of Aq
which is opposite to
the vertex to

Lemmes letits between andlg.
Denote with eciss the restriction

oft to the codimension 2 face
of Dy notcontaining tiand ty.
they -(i.3) i)]FFq,={eciti i



Roof:

-cent={e"
#(er) -[e
Facenti) - Sein

⑰
ex riciFq"cFq, (en) = E ex+ 1 i=K < ]
en+2 k>]

⑯
x -]

FacFg?, (en) =e jer iS
ex+2 x,i - 1



Sa-na-i,qEX
-
& fist)& ais)

es Fa
example: enenin

20 en Le es

xs Az Ar

⑰(2) =ea. e
I]Fz2(e) =Ce

⑮ Isletalertes eneite



Boundary gerators
Giremo a singular q-complex o,
define

09: Sq(x) --s-,(X)
&q(0)

=[(- 1)" = (i)

and extend itby linearity

dg ([nizi) =[midq(oi)

Lema:da are such that&qq=0
Proof:itis enough to prove this
-

on the singular complexes.
Let :Aq-X. Let us use
the previous lemwa

109-10q) (c) =0q -) I
f(i)



=[x- 1):dq - 1(=Fa")
i =0

1

ci ärFqYFa
i =0 I

=

0

I it] -(i,+1)
+ [( - 1)

+

3 =(i,s)(- 1)

I=
i) ]

i +1 - 1 (ii) +[( - 1)"(is)[(- 1)

(ie is]



F:29(X): =KerOq < Sq(X)
group of singular q-cycles

B(X): =(mdq+1(Sq(X)
group ofsingular q-boundaries

By the previous leana &qodatio
=>By(x)- 24q(X)
-erefore we can consider the quatient
scorp

Hq(XA=Zx
Ri
the homology measures how much

the sequence is not exact



Remark:Since a singular simplex
is a continous map andDa is
nath connected, if EXYver
are the path connected components

of X, there

S(x) =0 SIXy) and

Ver

&q(S,(Xy)) cS:Xul
amal

Hg(X;A)-Hq(Xr;A)
Examples:x =[xY A =2

Faxo I! continous map

&9: Ag
-3x}, which is the

constant map.



So Sy(X)=A <p> Fqe

09:2,509- 2,89-1)
2 2

9
[c-1)iei)eg-
i =a

11

-"-
0 good

&(89) :[eqt 9 even
90

9
=

0 <L
=>do =

0



-21 2223 2 ...

S40

Kerdest Imdesti
(m025 +2

=2 Kerdes =0

Hasti((x);)=Rx =e

H2s((x3,2) =0
R
in

9
=

0 Kerdo =2=> Ho(X;)
-
I -X

& Hi(X;x)
=> e iso



Def: Letfix-1Y be a continous
-

map. Let's define the induced

merphiom on the singular complexes

S(f): Sx) -> SACY):
A A

Fq Sq(f):Sy(x)-Sq(Y)
[miit[mi(foi)

1q iX 1,Y
such morphisms commute with the

boundary operators.
& Let's define the inducedmorphisms
in homolegy Aglf):Hq(X;A)--HqlY;A)

#917)/(ni])Isa



+CHooptINVANCEtee
map.Then Half) =Hq(g) Fate
COROLLARY:f:X-Y homotopy equivalence
Then Hqf) is am isomorphism Fqe2
i.e. Hq(x; A)*Hq(X;A).

example:any contractible topol
spaceX has only one neutrival
homology group He(X;A) =A. Fixe

⑭* is contractible HeCR2;Al:AHize
We would like to have a

fastway to compute homology of
given topological space,therefore
we will introduce some tools.

Firstly, Mayer-Victoris. theoren wall
allow us to compute Hq(x) from the
homology of subspaces of Xand their
intersection.



tion:if X is a topological
space which is path connected then

Ho(X;Al*A.

prof: So(x) e-chaly

Exe X I ex:Bot
X

·-X

Given any two pts x, y eX

IPathUxe
ee X is path -

Se(x) 1-chain

Oxy 7 er:+X
&⑧

ee el

201-X

therefore any two points en-14

differ by a boundary
et1 I

=>Ho(X:Al =A[[x])

laryti:
nath-connectede



4 Mayer-Victoris theorem
Bef:a sequence of chain complexes
CE,c c"is said to be

EXACTif Imf-Kerg i.e

Imfa-Kergy Fqt2.
PROPOSITION:(Long exact sequencel
Let

o
-CIcc"-0 ashort

exactsequence of chain complexes.
Then there existhomomorphisms

29: Hq(C") -Hq -(C) s.t.

.. f) Hq(C)19! Hq(C)-Hq_(C)- --
is a long exactsequence.



PROOF:let's consider the following commutative diagram

A fat 9941 1

0-Cq+ 1c
-1 (q+ 1 -1 Cq+1 -0
dith ↓0+1

.
tàCa?--
·ch

,
fa at san, tO"d

o -(q -14(q - ,)(q! -e

det fa-zdi 99-2
↓
0 -1
Il

c -CCq-i-(q- 2
-0

We want to define a homor.

29:Hq(C") -Hq- 1(C)
N

[2] where zelq" C
r

9, surjective
-

9 ->

fa incentive Fq --



LET US DEFINE 29
A fatt 99t Il

0-Cq+1x,[q+1 -1)(q+1 ->C
&9+1 1

↓cq fat 11
1Eq9·ott, ,Ca Cq ->O

datizcijfarı dat don
99-1

I

o -(q-,,,,-(q! -e
Il

dat &9-y ↓09-
fa-z 99-2

c +C
I =Cq-(ä!2-0
9-2

&9q surjective Icq-Cg:gq(9)
=Za"

&g(q(q)) =0q(za) =0
ekerdg

=>0q(a) e ker gq-1 = (m(fq- 1)



I cq- 1 Cq - 1 s.t.

fq,(( - 1) =0q(q)
Moreovere,

④ fa-z)0g(a -1)) =dq- 1(dq(()) =0

singleiza,
and we com consider [Ca-1] im

Hq-1(C').
Putdq([29]) =[Ca-1]



·- CalCatICat-
↓ ↓ ↓

-Ca (q269--
↓

,
fa ↓ ga-

o -(q -14(q - ,)(q! -e

↓ fa-d 99-2
↓

I =Cq-(ä!2-0a +Cq-2
LEFTTO CHECK:

①da well defined
& 2a homomorphism
& HqC.) is an exactsequence



①da well defined
First, letus show thatthe definition
does notdepend on the choice of

Cg, pre-image of Eq"via99.
Letcy be another pre-image of Zq"
via gg. Then g(g-cq) = e

9
=>g-Cq -kergq=/m 79
=>I go C, s.t.

Iq =cq +fq(xq) =)
0,(q) - 0q(q) =0q(fq(i))

I Ag.,_al)
COMMUT.

DIAOBAM.

=>therefore the elementin Cal
defined starting from Is duffers
From thatdefined from ca by



a boumdary 0'Eg) andl,
therefore, such elements represent
the same class in Hq(C).

⑰
-

Cq
I 19·sega--

③Ic ↓ ↓
f9-1 99-1

I

2 -1 (a -14(q - ,)(q! -e
X

d'Cig) 8q(g)-q(ca)
Let us show that the definition

does notdepend on the choice

of the representative of the class
[z4]. Let Eg"s.t. [E]

=(Eg"]
We have by definition that

Es" - zq" =04+ 1 (+1); since gatt
is subjective 5 C9+1 (q+1S-t.
99+1((q +1) =C"q+1



So Eq" - z" =da+ 1(9a+1((a + 1)

I
9g(0q(9+1))

Now, since (q(09+1((+)) =0
it follows that the definition of 29
does notdepend on the chosen
representative. Caticit

A fatt 99t Il

0-(q+1x,(q+ 1 -1) cq+,20
St

.
y'Ca? Ca Et

I

&

· ↓0+1 il

·ch f9-1
09↓ ga-,

dO"

o -(q -14(q - ,)(q! -e

det fa-zdi 99-2
↓
0 -1
Il

c -CCq-i-(q- 2
-0


